<C2> INTEGRATION Answers - Worksheet A
1  a =[2¢-x3 b =[x+24} c =[ixX-1x73

=(18-3)-(2-1) =(1+2)-(0) =(3-9-(0)
=14 =3 :_%

d = @C+6x+1) dx e =[1X-4¢-3K] fo=[8x-22+x] %
=[3C+ 3¢ +x3 =(£-16-6)— (2 -4-3) =(32-32+64)—(-16-8-8)
=(81+27+3)-(24+12+2) = -122 =96
=73

g =[ixX'-x-7x] h =[5x+1xX-x3 i =[x +2¢-1x] 2
=(64-16-28)- (2 -1-7) =(-5-1-1)-(-10-2-16) =(2+16-2)-(-1-2-1)
=273 = 221 = 231

2 jj (3¢ +ax—5) dx= [+ lad- 54"
= (64+8a—20)—(1+ %a—S) = 48 + 1_253_
- 48+ Ba=18
a=-4

3 [f @¢-12x+9) dx = [F- ¢+

= (K-6K+9K) - (-1-6-9) = K- 6K+ 9k + 16
K -6k +9%k+16=16

k(K —6k+9)=0
k(k—3)>=0

k0 . k=3

4 a :-[13 (2-x3) dx b =J.:21 (6x + 4x7%) dx c =[2x* —4x]?

=[2x+x"3 =[3% - 2x7] 5 =(16-16) — (2-4)
=(6+1)-(2+1) =(3-2)-(12-1 =2
=2 = -104

d =[" (@¢-1) d e =[1¥- 3x]? =] (3x?-29 dx
=[4x'-$x 3 =(32-6)-(3 - 3) =[-4x' -3
=8-1)-(3+3) =27 =(-5-9-(-5 -9
=6 =_4%

5 =] (3¢-6x+7)

=[C-3¢+7x3
=(27-27+21)-(1-3+7)=16
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2 1
6 =j0 0&+2) dx b :j_z (3% + 8x + 6) dx
=[ix3+24 =+ 4% +6x %
=(£+4)-0=62 =(1+4+6)—(-8+16-12)=15
4 0
=j2 (9+2x— ) dx d :j_l OG- 4x+ 1) dx
=[x+ X - 1xX7]; =[ix'-2¢+x 5
=(36+16- %) (18+4- 8)=11! =0-(4-2-1=1
4 1 -1 -2
=] (2x+ 3x) dx fo=]_ (@+5¢% dx
1 -5
=+ 2x]¢ =[3x—5xY %}
=(16+16)-(1+2=29 =(-3+5-(-15+1)=16
7 y=0 = 4-xX=0
X =4
X=x2
. (~2,0) and (2, 0)
2
=], (4=x) dx
=[4 _%Xg]fz
=(8-5)-(-8+3)
=102
8 6x— 3¢ =0 b X%+4x-3=0 ¢ 4-3x-xX=0 d 2x-x=0
2 -X) =0 “x-1D(x-3)=0 —(x+4(x-1)=0 x(2-x})=0
x=0,2 x=1,3 x=-4,1 X2 =0,2
y y y x=0,4
T N, y
0 /1 3\ X .
oo 2\ x /-4 o‘ 1\  x >
o|o 4N\ x
area= area= area= area=

[ (6x-3) ax

=[3¢-x7]5
=(12-8)-0
=4

[] @+ ax-3) o

=[-1x*+2¢-347

= (-9+18-9)
-(-3+2-3)

Wl

Jl (4-3x— X% dx J4 (22— X) dx
4 0

_ 2 311 —
=[4x-3x-1x]., =

[
=(4-3-1 =(2 -8)-

3
—(-16-24+ %) =¢8

= 208
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9 X +4x=0 y 10 a xX*+2x-15=0
X(x+4)=0 x+5x-3)=0
x=-4,0 x=-53
—4 O x . (-5,0) and (3,0)
=[7 0@+ 40 dx b =[1x*+x 1543
=[1x3+ 243 =(9+9-45)-0=-27
=(2 +8)-0=102 c 27
11 X -5 +6x=0 12 a X¥-3x+4=x+1
X(x—2)(x-3)=0 X —4x+3=0
x=0,23 x-1)x-3)=0
=~ (0,0), (2,0) and (3, 0) x=1,3
2
jo ¢ — 5 + 6x) dx - (1,2)and (3, 4)
=[ix' - 5x*+ 343 b areabelow curve
=(4- % +12)-0=¢ :jlg (- 3x+4) dx
[0 0¢-5¢+6x0 =[1— 32+ 447
=[ix' - 5x°+ 343 =(9-Z +12)- (1 -2 +4=2
=(8 -45+27)-8=-3 areabelow line= £ x2x(2+4)=6
total area= & + 3 = 3% shaded area=6- 4 = 4
13 Ya Y a
y=6-2X \ [ y=16
y=9-x y=xX—4x+4=(x-2)°
> \ >
/ o W x @) X
9-x=6-2x X —4x+4=16
X —2x-3=0 X —4x-12=0
x+1)x-3)=0 xX+2)(x—6)=0
x=-1,3 X=-2,6

" intersect at (-1, 8) and (3, 0)
area below curve

=[° (9-%) dx

=[9x- 133
=(27-9) - (-9+ %)
= 26%

area below line
= % x4x8=16

area between line and curve
= 26% -16= 10%

-, intersect at (-2, 16) and (6, 16)
area below curve

=[° 0¢—ax+4) dx
=[ix-2¢+4x 5,
= (72-72+28) — (-% -8-8)

= 42%
areabelow line
=8x16=128

area between line and curve
=128 - 42% = 85%
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C y=xX-5x-6 = y=(x+1)(x—6) d x-2y=0 = y=1x
Y a Y a
\ / el
X y= /X
y=x-11
- y=x*-5x-6 0 X
X -5x-6=x-11 G =1x
X -6x+5=0 1x2(2-x7)=0
(x—1)(x—5)=0 X2 =0,2
Xx=15 x=0,4
" intersect at (1, —10) and (5, —6) -, intersect at (0, 0) and (4, 2)
area above curve area below curve

=— [ (¢-5x-6) dx

=-[1xX- 5 -6x7

=-((2 - 2 -30)- (4 - § -6

area aboveline
= % X4x(10+6) =32
area between line and curve
= 42% -32= 10%

© Solomon Press

4

= X2 dx
3
—T72v214
=[5$x*]o
=16 _g=16

areabelow line
=3 x4x2=4
area between line and curve

=16 _g4=4
-3 4 3
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Answers - Worksheet B

1 a f(X)=-[¥F-4x+3
=—[(x-2°-4]+3
=—(x-2°+7

na=-1,b=-2c=7
b (2,7)

¢ intersect when A

Xx=0,4
area below curve

=[ 1 @+ ax-x) dx

= [3x+2¢ - 1% 3
=(12+32- %)—O: 6—38
area below line
=4x3=12
area between line and curve
= 6—3? -12= 10%

3 a ﬂ=5—4x
dx

grad=1

- grad of normal = -1

L y=-3=—(x-1)
[y=4-X

b areabelow curve

= [ (5x-2:) dx
=[5~ 1%
=(3-%)-0=4

normal meets y-axisat (0, 4)

areabelow line
=1x1x(4+3)=1

shaded area
-7 _ 1 -5
2 6 3

3+4x-x*=3
x(4-x)=0 _QV
/

\

»
»

1 L 1
1
shaded area

=3-(1x1)+(7x1)
=9

x>0 . x=2, P(2,0)
I y—=0=-3(x-2)
y=6-3X

4- x>

2 =6-3x

4-x=6x-3
AC-7+4=0

x=2isasolution .. (x-—2)isafactor
(x-2)(3¢-x-2)=0
x-2)(Bx+2)(x-1)=0
x=2(@P),-%,1

x>0 . Q(1,3)

¢ areabelow curve
=[7 @x?-1) o

intersect when

= [-ax -2
=(-2-2)-(4-1)=1
areabelow line
=1 x1x3=23
area between line and curve

=3_1=1
-2 1 2
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<C2> INTEGRATION

1

Answers - Worksheet C

a

X

y

Nlw [ N
Ao | D

1

=1 x1Ix[3+ 2 +2(3 +1)] = 43

thetrue areaisless
the curve passes below the top of each trapezium as shown:

a

(-2,0°](0,0) x

X 0 05 1 15 2
x3x+2) 0 175 5 975 16

aea~ 3 x05x[0+16+2(1.75+5+9.75)] = 12.25

2 2 3, 22
:jo (3¢+2x) dx = [C+x]2 =(8+4)-0=12

% error = 222 x 100% = 2.08% (3sf)

X 6
3
2x+1
Larea =~ 1 x1x[1+ 2 +2(2)]=0555(3)

13

3

3
11 13

W~ N

X 0 1 2 3
lgé+9) Ig9 lg10 1g13 Ig18

warea =~ $ x1x[lg9+1g18+2(lg10+Ig13)] = 3.22 (3sf)

i 3n
X 0 5 4 T

3
x*sinx 0 0436 2467 3926 0

. area =~ 1 x I x[0+0+2(0.436 + 2.467 + 3.926)] = 5.36 (35f)

i
4
X 2 -1 0 1 2

Yox+5 1 Y3 ¥ Y7 P

Laea = 1 x1x[1+ 39 +2(33 + 5 + Y7)] =6.61 (35)
x 0 1 2 3

¥ 1 3 9 27

area~ + x1x[1+27+2(3+9)]=26

X 2 22 2.4
sn(gx) 02965 03358 03711

. area =~ 3 x 0.2x [0.2965 + 0.3711 + 2(0.3358)] = 0.134 (35f)
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X 0 0.1 0.2 0.3 0.4 05
% 0 0.04998 0.09960 0.14800 0.19380 0.23529
X
. area= % x 0.1 x [0+0.23529 + 2(0.04998 + 0.09960 + 0.14800 + 0.19380)] = 0.0609 (3sf)
2
X 0 3 3 2 3
,/COS (% X) 1 0.9828 0.9306 0.8409 0.7071
. area = 2 x £ x[1+0.7071 + 2(0.9828 + 0.9306 + 0.8409)] = 1.89 (3sf)
5 X 3 3.8 4.6 54 6.2 7
2-3x? 02679 04610 06012 07090 0.7952 0.8661
area~ 1 x 0.8x[0.2679 + 0.8661 + 2(0.4610 + 0.6012 + 0.7090 + 0.7952)] = 2.51 (3sf)
= [ (2-3«?) dx
=[2x— 6x°]] = (14— 6J7) - (6— 6J/3) =8+ 6(x/3 — \/7)
6 X 0 0.2 04 0.6 0.8 1
sn¥ 0 0.03999 0.15932 0.35227 0.59720 0.84147
area~ 1 x 0.2 x [0+ 0.84147 + 2(0.03999 + 0.15932 + 0.35227 + 0.59720)] = 0.3139
area of rectangle = 1 x 0.8415 = 0.8415
. areaof flower bed = 0.8415 - 0.3139 = 0.53 m*
7 =1+6(2)+ () + 55 (5 +
=1+3x+ LB+ 55+ ..
area ~ '[;5 (1+3x+ 2+ 5x%) dx
=[x+ 32X+ 5+ S
=(3+3+ 3 +55)-0=107(3sf)
X 0 01 0.2 0.3 0.4 0.5
a1+ g)ﬁ 1 13401 1.7716 23131 29860 3.8147
area= 3 x 0.1 [1+3.8147 + 2(1.3401 + 1.7716 + 2.3131 + 2.9860)] = 1.08 (3)
dy _ 2
8 —= = 2xX— 16X
dx
SP. 2x—-16x°=0
X =8
X=2
when x=2, y=4+8=12 ... SP(2,12)
X 2 25 3 35 4

2+ 18 12 1265 14333 16821 20

X

area~ 1 x 0.5x [12+20 +2(12.65 + 14.333 + 16.821)] = 29.9 (3s)

over-estimate
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Answers - Worksheet D

1 a =[-27; 2

=-1-(2

3
2
b = [ (¢~ 6x+9) d

=[1x-3¢+ 9%}
=(8-12+18)-0
:8%
= 1
3 a=32 >
=3J2 - 12
=32
4 1 _1
b j3 (3% — X ?) dx
=[2x* - 2x°] ¢
=[16-4] - [(2x 3J3) - 23]
=12- 43
5 a p=-1,q=4 6
b Yy 4

4+1 5

X
area~ Ix3Ix[5+ 41 +2(42+41+42)]
= 9& or 9.12 (3sf)

42 41 42 4L

© Solomon Press

x 0 2 4 6
X*+4 2 <8 20 40
area~ Ix 2x [2+/40+ 2(+/8 +/20)]

= 22.9 (3f)

over-estimate
curve passes below top of each trapezium

x%(4—x):0
x2=0 [= x=0,a 0] or x=4

- A(4,0)

Nl
Nl

L
dx

N|w

X
SP: 2x% - 2x: =0
IX2(4-3x=0

_1 .
X 2 =0 = no solutions

IX-y+11=0 = y=4x+11

intersect when 2+ 6x+ 7 = 4x + 11
X¥+x-2=0
x+2)x-1)=0
x=-2,1

s (-2,3) and (1, 15)

area below curve

:_[712 (2¢ +6x+7) dx

=[2C+3¢+7x %,

=(2+3+7)-(-L£ +12-14)=18
areabelow line

=1 x3x(3+15) =27

area between line and curve
=27-18=9
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minimumwhen sinx=1

X=3
(3 3)
X o = x
1+;nx 1 06667 05359
area = 3 X £ x[1+0.5359 +2(0.6667)] = 0.751 (3sf)

=1+ 12( X))+ 1241 (X2 12apa0 ¢ X3,
(10) 2 (10) 32 (10)
— 6 33 11
=1+ Ex+ B+ Lo+ .
1
~ 6 33 11
~JO L+ &x+ B+ Lx’) dx

— 3 11 1 41
—[X+ §X2+ §X3+ ﬁx 0

= 3 41 A1y _n=12
_(1+5+50+200) 0 18

aA x=0= (0,2

LS

dx

gadat A=-1

Ly=2-X

curve cuts x-axiswheny =0
2-x-xX=0
2+x)(1-x=0
x=-2,1

area below curve

=J; (2-x—-x) dx
=[2x- X - 1x¢

tangent cuts x-axiswheny =0
X=2
areabelow line
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Answers - Worksheet E

1 a aA x=0 .. A0, 4%

aB, y=0
(Xt —2)2=0
x%=2
x=4 . B(4,0)

O
I

J: (x— 4x +4) dx

1 8 3 4
1 — 8x* +4x

[
(8- +16)-0

w|oo

3 a 4''=32
(22)X+l:25
2X+2=5
x=3

b x 0
gt g

(oo RENTN

16

2
— 3 1 -2
2 = L (5x+ 5X7) dx
— 2 ~11 2
—[%X _%X 11
3
4

=6-1-(3-1)

N|o

4 a aA xX-2x=0

x(x-2)=0
x=0@0O)or2 .. A(2,0)

aB, ¥-2x=x

x(x-3)=0
x=0@0O)or3 .. B(3,3)

N[

w
N

. area~1x1x[4+32+2(8+16)] b [°0E-20) dx
* 2 2 0

=21

<[40 -1;
=(§-4-0=-1
ooarea= 3
c areabelow curve between A and B

=] 0@-20 ax

=[3x-X13
=0-9-(-4)=4

area below straight line OB
=1 x3x3=3

area between curve and line
-9 4 4 4

2 3 3
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k 2
5 | | (3-4xY) dx
T T T — ~171 k
X 0 x z 2 = [3x+4X]{
y 1 |1319|1024| O = (3k + E) —(3+4)
~ IxEx[1+0+ 2(1.319 + 1.024)] . 3k+§-7=6
= 1.49 (3sf) 3AC-13k+4=0
under-estimate Bk-1)k-4=0
curve passes above top of each trapezium k>1 .. k=4
7 Y = 32 6x a (2,0)
dx
SP: 3 -6x=0 b x o +{ 1 2 2
3x(x-2)=0 2-x°8 & 1 i 0
x=0 (atP) or 2 aea~ Ixix[8+0+2(& +1+ 1)]
- Q21 = 41
X-3¢+5=5 c =22+ 3(2)(—x) + 3(2)(—x)* + (—x)°
X¥(x—3)=0 =8-12x+ 6 - X
x=0 (aP) or 3 d area= J.OZ (8—12x + 6x° — X°) dx
- R(3,5) =[8x— 6x° + 2 — 1x 3

area below curve
=] (6¢-3¢+5) dx

=[ix'—x*+5x]}

=(% -27+15)-0= 3743
area below line
=3x5=15
shaded area
=15—373

:6%

= (16— 24+ 16— 4) - 0
=4

414

.. Y error = x 100% = 6.25%
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